SET THEORY

OPERATIONS ON SETS
peimin )

Let A and B be subsets of a universal set U.

1. The union of A and B. denoted A U B, is the set of all elements that are in at least
one of A or B.

2. The intersection of A and B, denoted A N B, is the set of all elements that are
common to both A and B.

3. The difference of B minus A (or relative complement of A in B), denoted
B — A. is the set of all elements that are in B and not A.

4. The complement of A, denoted A®, is the set of all elements in U that are
notin A.

Symbolically: AUB=[xel|xeAorx € B},
AnB={xelU|xeAandx € B},
B—A={xelU|xeBandx ¢ A},

A={xel|x ¢ A}




OPERATIONS ON SETS

Venn diagram representations for union, intersection, difference, and complement are
shown in Figure 6.1.4.
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Figure 6.1.4
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Definition: Given sets A and B, the symmetric difference
of A and B, denoted A A B, is

AAB=(A—B)U(B — A).

46. Let A=1{1,2,3,4}, B =1{3,4,5,6},and C = {5,6, 7, 8}.
Find each of the following sets:
a. AAB b. BAC

c. ANC d. (AAB)AC
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Unions, Intersections, Differences, and Complements

Let the universal set be the set U — {a, b,c,d,e, f,g} and let A = {a,c,e, g} and
B={d,e, f,g).Find AUB,AN B, B — A, and A“.

Solution AUB={a,c,d,e, f g} ANB ={e, g}
B—A={(d, f) A" =1bd, f)

10. LetA =1{1,3,5,7,9}, B=1{3,6,9},and C = {2, 4, 6, 8}.
Find each of the following:
a. AUB b. ANB c. AUC d. ANnC

e. A—B f. B—A g BucC h. BNC

INTERVALS umnm

Given real numbers ¢ and b witha < b:

(@a,by={xeR|a<x <b) l[a, bl ={xeR|a<x <b)
(@a,bp] ={x€R|a <x <b} [a, b) ={x e R |a =x < b}.

The symbols oo and —oo are used to indicate intervals that are unbounded either on
the right or on the left:

(a,00)={xeR|x > a) [a,00) ={xeR|x=a}
(—oo.b)={xeR|x < b} [—o0.b)={x e R |x < b}.
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An Example with Intervals
Let the universal set be the set R of all real numbers and let
A=(-1,0={xeR|-1<x=<0}landB=[0, D={xeR|0<x < 1}

These sets are shown on the number lines below.

-2 - 0 1 2
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-2 -l 0 1 2
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B

Find AUB,ANB, B— A, and A".
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Solution
-2 -1 0 1 2 AUB={xeR|xe(-1,0lorx €0, D}={xeR|x e (=1, D}= (-1, .
AUB
-2 -1 0 1 2 ANB={xeR|xe (-1, 0]and x € [0, 1)} = {0}.
o ANB o
= = W L 3
o B—A={xeR|xel0, Dandx €(—1, 0} ={xcR|0<x <1} =(0,1)
s A° = {x € R | it is not the case that x € (—1, 0]} by definition of the
= v i B = {x € R|itis not the case that (—1 < x and x < 0)} double inequality
—— ={xeR|x<—lorx >0} =(—o00, —1]U (0, c0) by DeMorgan’s

B law
A“



11.

12.

OPERATIONS ON SETS msm

LIME NATH EDUCATION

Let the universal set be the set R of all real numbers and let
A={xeR|0<x<2},B={xeR|1 <x<4},and
C =[x € R|3 < x < 9}. Find each of the following:

a. AUB b. ANB c. A d AUC
e. ANC f. Bf g. AN B*

h. A°U Bf i. (AN B)¢ j- (AU B)*

OPERATIONS ON SETS .;s.‘.%i.,...
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Let the universal set be the set R of all real numbers and
letA={xcR|-3<x<0,B={xecR|-1<x <2},
and C = {x € R|6 < x < 8}. Find each of the following:
a AUB b. ANB c. A° d AuC
e. ANC L B g. A°NB*
h. AU B i.. (ANB)* j- (AU B)*
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13. Indicate which of the following relationships are true and
which are false:

a. Ztc Q bh. RTCQ
e OC kL d. Z UZ*—=Z
e. Z NZt =0 f.f. QNR=Q
g. QUZ=Q hh ZtNR=Z"
. ZUQ =272
DISJOINT SETS nﬁéﬁﬁﬁnm

Two sets are called disjoint if, and only if, they have no elements in common.
Symbolically:

A and B are disjoint & ANB =40

Disjoint Sets
Let A= {1,3,5}and B = (2,4, 6}. Are A and B disjoint?

Solution  Yes. By inspection A and B have no elements in common, or, in other words,
{1,3,5)N{2,4,6} =40. [
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Sets Ay, Az, Az ... are mutually disjoint (or pairwise disjoint or nonoverlapping)
if, and only if, no two sets A; and A; with distinct subscripts have any elements in
common. More precisely, forallz, j =1,2,3, ...

AiNAj=0 wheneveri # j.

' Mutually Disjoint Sets
a. Let Ay = (3,5}, A2 = {1,4, 6}, and A3 = {2]. Are A}, A2, and A3 mutually disjoint?

b. Let By ={2,4,6}, B, ={3,7}, and B; = {4,5). Are B, B, and B; mutually
disjoint?

PARTITION

e Definition

A finite or infinite collection of nonempty sets {A|, Az, A3 ...} is a partition of a
set A if, and only if,

1. A is the union of all the A;
2. The sets A}, Ay, As, ... are mutually disjoint. A

Figure 6.1.5 A Partition
of a Set
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Partitions of Sets

a. Let A=1{1,2,3,4,5,6}, A ={1,2}, A, = (3,4}, and A; = {5, 6}. Is {A,, Ay, A3}
a partition of A?

b. Let Z be the set of all integers and let

To = {n € Z | n = 3k, for some integer k},
T\, ={n € Z|n = 3k + 1, for some integer &}, and
I = [n € Z|n = 3k + 2, for some integer k}.

Is {Ty, T, T} a partition of Z?

21. a.

d.

PARTITION

Is {{a.d, e}, {b.c}, |d, f}] a partition of
{a,b,c,d,e, f})?

Is {{w, x, v}, {u, v, g}, {p. z}} a partition of
ip.q,u,v,w,x,vy,z}?

. Is {{5,4}, {7, 2}, {1, 3,4}, {6, 8} } a partition of

{1,2,3,4,5.6,7,8)?
Is {{3, 7, 8, {2, 9}, {1, 4, 5}} a partition of

{1,2,3,4,5,6,7,8,9}?

. Is {{1, 5}, {4.7}. {2. 8, 6, 3}} a partition of

{1,2;3,4,3.6,7,8)7

n}sﬁuﬁnun
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POWER SETS

® Definition
Given a sct A, the power set of A, denoted & (A), is the set of all subsets of A.

Power Set of a Set

Find the power set of the set {x, y}. That is, find Z?({x, v}).

P(fx, y) = (@, {x}. (¥} {x. ¥))-

POWER SETS nisdlurions
31. Suppose A ={1,2} and B = {2,3}. Find each of the
following:
a. 2(ANB) b.2(A)
c. P(AUB) d. (A x B)
33. a. Find 22(1). b. Find 22(22(W)).

c. Find 22(22(2(1))).
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heorem 6.2.1 Some Subset Relations

PROPERTIES OF SETS

. Inclusion of Intersection: For all sets A and B,
(@) ANBCA and (b)ANBCB.
. Inclusion in Union: For all sets A and B,
(a) ACAUB and (b)BC AUB.
. Transitive Property of Subsets: For all sets A, B, and C,
if AC Band B C C, then A C C.

PROPERTIES OF SETS soehons
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Theorem 6.2.2 Set Identities
Let all sets referred to below be subsets of a universal set U.
1. Commutative Laws: For all sets A and B.
() AUB=BUA and (b)ANB=BnNA.

{55

. Associative Laws: For all sets A, B, and C.

(a) (AUB)UC =AU(BUC) and
M (ANBYNC=AN(BNC).

fad

. Distributive Laws: For all sets, A, B.and C,
@AUBNC)=(AUBN(AUC) and
(b)AN(BUC)=(ANB)U(ANC).

4. Identity Laws: For all sets A,

(@A) AUA=A and (b)ANU = A.

h

. Complement Laws:
(A) AUA=U and (b)ANA°=4.

10
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PROPERTIES OF SETS

. Double Complement Law: For all sets A,

(A% = A.

. Ildempotent Laws: For all sets A,

(A)AUA=A and (b)ANA=A.

. Universal Bound Laws: For all sets A.

(a)AUU=U and (b)ANB=@.

. De Morgan's Laws: For all sets A and B,

(M(AUB) " =ANB° and (b)(AN B) = A° U B".
Absorption Laws: For all sets A and B,
(a) AU(ANB)=A and (b)AN(AUB)=A.

. Complements of U and @:

() U°=@ and (b) @ =U.

. Set Difference Law: For all sets A and B,

A—B=AnNBSB".
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