FUNCTIONS

BASIC TERMINOLOGIES
L ——

A function f from a set X to a set ¥, denoted f: X — Y, is a relation from X, the
domain, to Y, the co-domain, that satisfies two properties: (1) every element in X
is related to some element in ¥, and (2) no element in X is related to more than one
element in Y. Thus, given any element x in X. there is a unique element in V' that
is related to x by f. If we call this element y, then we say that © f sends x to y" or
“f maps x to y" and write x L yor f:x — v, The unique element to which f sends
x is denoted
JSix) and is called S ofx, or
the output of f for the input x, or

the value of f at x, or
the image of x under f.

The set of all values of f taken together is called the range of f or the image of X
under f. Symbolically,

range of [ = image of X under f =y € Y | y = f(x), for some x in X}.

Given an clement y in ¥, there may exist elements in X with y as their image. If
f(x) = y. then x is called a preimage of y or an inverse image of y. The set of all
inverse images of y is called the imverse image of y. Symbolically,

the inverse image of y = [x € X | f(x) = y].




ARROW DIAGRAM

4 f Y
This arrow diagram does define a function because P e i !
-"'xl'“\,,__ If,.')[ A\
1. Every element of X has an arrow coming out of it. [ mpe—" ] en
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2. No element of X has two arrows coming out of it '.
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that point to two different elements of V. A0 o
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Figure 7.1.1

ARROW DIAGRAM

Functions and Nonfunctions

Which of the arrow diagrams in Figure 7.1.2 define functions from X = {a, b, ¢} to
¥ ={§1.2.3.4}7

r_/’ \ /'_'n,lll Py = R .r/’_"-\ f’r"_"'\
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ARROW DIAGRAM

A Function Defined by an Arrow Diagram

Let X ={a,b.c} and ¥ = {1, 2, 3, 4}. Define a function f from X to ¥ by the arrow
diagram in Figure 7.1.3.

a. Write the domain and co-domain of f. X f Y
i e N "
b. Find f(a), f(b), and f(c). faed [ el)\
b i [ bed  ——fhe2 |
. | = a
¢. What is the range of f7 ce L .i
d. Is c an inverse image of 27 Is b an inverse image of 3? o N

Figure 7.1.1

o

Find the inverse images of 2, 4, and 1.

f. Represent f as a set of ordered pairs.

ARROW DIAGRAM

l. Let X ={1,3,5} and Y = {s5,#,u,v}]. Define f: X > Y
by the following arrow diagram.

X ¥
F % ---f—-h. T
[ Toad o dpew
| 3o | et |
II'-. 5 [ = II.'I__ A __H-"'--‘,L ®

Write the domain of f and the co-domain of f.

Find f(1), f(3). and f(5).

What is the range of f?

Is 3 an inverse image of s? Is 1 an inverse image of u?
What is the inverse image of 5?7 of u? of v?

Represent f as a set of ordered pairs.

-0 Q0 o



ARROW DIAGRAM

2. Let X={1,3,5}and Y = (a,b,¢,d)}. Define g: X - Y
by the following arrow diagram.

_X\ g Y
~ ——d P
[ 1e- — _5 e
e l.l ;;Ob |
| Se—L_  _"ac

Write the domain of ¢ and the co-domain of g.

Find g(1), g(3). and g(5).

What is the range of g?

Is 3 an inverse image of a? Is 1 an inverse image
of b?

What is the inverse image of b? of ¢?

Represent g as a set of ordered pairs.
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SPECIAL FUNCTIONS

8. Let Js =1{0,1, 2, 3,4}, and define a function F: J5s — Js
as follows: For each x € Js. F(x) = (x* +2x +4) mod 5.

Find the following:
a. F(0) b.F(1) c.F(2) dF@3) e F®@4)

0. Define a function S: ZT — Z™ as follows: For each
positive integer n,

S(n) = the sum of the positive divisors of n.

Find the following:
a. S(1) b. §(15) c. $(17)
d. §(5) e. S(18) f. §(21)



SPECIAL FUNCTIONS m.%.,...

UMLINE RATH ERUCATION

Define functions M: Rx R— Rand R: R x R — R x R as follows:

M(a,b)=ab and R(a,b)=(-a,b).

Find the following:

a. M(—1,—1) b. M (3.3 c. M(v/2Z, v/2)

d. R(2,5) e. R(—2, 5) f. R(3,—4)
SPECIAL FUNCTIONS

10. Let D be the set of all finite subsets of positive integers.
Define a function T: Z™ — D as follows: For each positive
integer n, T (n) = the set of positive divisors of n.

Find the following:
a. T(1) b. T(15) c. T(17)
d. T(5) e. T'(18) f. T(21)

11. Define F: Z x Z — Z x Z as follows: For all ordered
pairs (a, b) of integers, F(a, b) = (2a + 1, 3b — 2).
Find the following:

a. F(4,4) b. F(2,1) e. F{3,2) d. F(1,35)



SPECIAL FUNCTIONS

12. Define G: Js x Js — Js x Js as follows: For all (a, b)
ds 5 Is,

Gla,b) = ((2a + 1) mod 5. (3b — 2) mod 5).

Find the following:
a. G(4,4) b. G(2,1) c. G(3,2) d. G(1,5)

FUNCTION EQUALITY

Theorem 7.1.1 A Test for Function Equality

IfF:X — Yand G: X — Y are functions, then F = G if, and only if, F(x) = G(x)
forall x € X.




FUNCTION EQUALITY

Equality of Functions

a. Let J; = {0, 1, 2}, and define functions f and g from J3 to J3 as follows: For all x
in .13,

)= (x> +x+1)mod3 and glx) =+ 2)2 mod 3.
Does [ = g?

a. Yes, the table of values shows that f(x) = g(x) for all x in J3.

x| xP4x41 | fo=@i+r+mod3d | (x+2?F | gix)=(x+2) mod3
0 | Ilmod3=1 4 dmod3I=1
| 3 3mod3=0 9 Omod3=0
2 7 Tmod3 =1 16 16 mod 3 =1

FUNCTION EQUALITY

13. Let J5s = {0, 1, 2, 3, 4}, and define functions f: Js — Js
and g: Js — Js as follows: For each x € Js.

f(x)=(x+4)>mod5 and g(x)=(x*+3x + 1) mod 5.
Is f = g? Explain.

14, Let Js = {0, 1, 2, 3, 4}, and define functions h: Js — Js
and k: Js — Js5 as follows: For each x € Js,

h(x)=(x+3)*mod5 and k(x)=(x>+4x>+2x+2)mod 5.
Is h = k? Explain.



LOGARITHMIC FUNCTIONS

® Definition Logarithms and Logarithmic Functions

Let b be a positive real number with b # 1. For each positive real number x, the
logarithm with base b of x, written log;, x, is the exponent to which & must be

raised to obtain x. Symbolically,
log,x=y & V=2

The logarithmic function with base b is the function from R™ to R that takes each
positive real number x to log, x.

LOGARITHMIC FUNCTIONS

The Logarithmic Function with Base b

Find the following:
a. log; 9 b. lugz(%) c. log,q(1) d. log,(2™) (m 1s any real number)

e. 218" (m > 0)



LOGARITHMIC FUNCTIONS

17. Use the definition of logarithm to fill in the blanks below.
a. log, 8 = 3 because

|
b. logs (E) — 2 because

c. log, 4 = 1 because
d. log,(3") = n because
e. log; 1 = 0 because

18. Find exact values for each of the following quantities. Do
not use a calculator. .
a. log, 81 b. log; 1024 c. log; (55) d. log, 1

1
e. Ingw(ﬁ) f. log,3 g. log,(2%)

FUNCTIONS ACTING ON SETS |ussutan

If f: X — Yisafunctionand A C X and C C Y, then
f(A)={yeY|y= f(x) for some x in A}

and O ={xeX|f@x)ec)

f(A) is called the image of A, and f~'(C) is called the inverse image of C.




FUNCTIONS ACTING ON SETS

The Action of a Function on Subsets of a Set

Let X ={1,2,3,4} and ¥ = {a,b,c,d.e}. and define F: X — Y by the following
arrow diagram:

. 1 P
.r.. I . I-"|- -l - "‘:”v. - I-I".
[ N b |
[ e o ol
- | 1 ec
| Jorog—e | red |
\ 407 \ oe |
\ / \
N, N o

Let A ={1,4},C = {a, b}, and D = {c, ¢}. Find F(A), F(X), F~(C), and F~'(D).

FUNCTIONS ACTING ON SETS [usststens

38. let X=|{a,b,c} and Y ={r, s, 1,u,v,w}). Define
f: X — Y asfollows: f(a) =v, f(b)=v.and f(c) =1.
a. Draw an arrow diagram for f.
b. Let A={a,b},C={t}, D={u,v}, and E = |[r, 5.
Find f(A), f(X), f~(C), f~'(D), f~'(E), and
FYUr)

39. let X={1,2,3,4 and Y ={a,b,c.d,e}]. Define
2 X — Y asfollows: g(1) =a. g(2) =a, g(3)=a,
and g(4) =d.

a. Draw an arrow diagram for g.
b. Let A={2.3},C ={a}. and D = {b.c}. Find g(A).
2(X), g "(C). g7 ' (D), and g~'(¥).



ONE-TO-ONE FUNCTIONS

Let F be a function from a set X to a set Y. F is one-to-one (or injective) if, and
only if, for all elements x; and x; in X,

if F(x) = F(xy), then x; = x5,
or, equivalently, if x; # x5, then F(x)) # F(x,).

Symbolically,

F: X — Y isone-to-one < Vi, x; e X,if F(x;) = F(x3) then x; = x5.

A function F: X — Y is not one-to-one ¢ 3Felements x; and x, in X with
F(x)) = F(x3) and x; # Xx>.

ONE-TO-ONE FUNCTIONS

X = domain of F F Y = co-domain of F
R i —l S
/IJ \\ F "\\

/ A / 1etine o
/ e ' f—>o F(x)) Any two distinct elements
| | | |  of X are sent to two
\ R2e—~ > Flxy)) | distinct elements of Y.

e o

Figure 7.2.1(a) A One-to-One Function Separates Points

X = domain of F ¥ = co-domain of F

2
—a i
> & ™
r ; ?
" —. T ] ' Two distinct elements
\ e - - \ g
| | yoFlx))=Fx;) | of Xaresentto
\ Tr—f— J the same element of Y.
A e % /
~— - N\
RN E
——

Figure 7.2.1(h) A Function That Is Not One-to-One Collapses Points Together

11



B
ONE-TO-ONE FUNCTIONS n]snnn

UMLINE RATH ERUCATION

a. Do either of the arrow diagrams in Figure 7.2.2 define one-to-one functions?

Domain of F Co-domain of F Domain of G Co-domain of G
X ¥ X Y
Fack = ey Lanh =& Lo
[ b ™ __I'. ‘+ = -.I—b sl i | b ™ e - _':-___ < |'I el \
P . i ew | ca—}— TPew
\ de-| . >ex | I def___ | ox

Noure 7.2.2
Figure 7.2.2

b. Let X ={1,2,3} and Y = {a,b,c,d}. Define H: X — Y as follows: H(l) =rc,
H(2)=a, and H(3) = d. Define K: X — Y as follows: K(1) =d, K(2) = b, and
K(3) = d. Is either H or K one-to-one?

ONE-TO-ONE FUNCTIONS m.,..,

OMLINE RATH ERGCATION

One-to-One Functions of Infinite Sets:
Now suppose fis a function defined on an infinite set X. By
definition, fis one-to-one if, and only if
V x1,%3 € X, if f(x1) = f(x;) then x; = x;.

Thus, to prove fis one-to-one,
Suppose x; and x, are elements of X such that f(x;) = f(x;)
and show that x; = x,.
To show that fis not one-to-one,

Find elements x; and x, in X so that f(x;) = f(x;,) but
X1 * Xo.

12



Define f: R — Rand g: Z — Z by the rules

fx)=4x—1 forall xeR

and g(n) =n* forall nelZ.

a. Is f one-to-one? Prove or give a counterexample.

b. Is g one-to-one? Prove or give a counterexample.

ONTO FUNCTIONS

Let F be a function from a set X to aset Y. F is onto (or surjective) if, and only if,
given any element y in Y, it is possible to find an element x in X with the property
that y = F(x).

Symbolically:

F: X —=Yisonto < V¥YyeVY, 3xe X suchthat F(x) = y.

F: X - Yisnotonto < dyinY suchthatVx € X, F(x) # y.

13



ONTO FUNCTIONS

X = domain of F F Y =co-domain of F
y = . B R ™
V4 S = a_;"o e
i e s \ Eachelementyin
® s | (R | | p
m——bl | Yequals F(x) for
\ xe—1 ] __iyey=Fx) | -
\ ¢ 7 X /  atleast one x in X.
N ® —— '\°‘<\_"’ ] F

Figure 7.2.3(a) A Function That Is Onto

X = domain of F F Y = co-domain of F
r - - = j_ = b
A _.__*_\;{_ == / e '\ Atleastone element in ¥
I | B i . does not equal F(x)
f e % ® /  forany xinX.
-._\ /..—’ = F 'I

Figure 7.2.3(b) A Function That Is Not Onto

ONTO FUNCTIONS

Identifying Onto Functions Defined on Finite Sets

a. Do either of the arrow diagrams in Figure 7.2.4 define onto functions?

Domain of F Co-domain of F Domain of G Co-domain of G
X ¥ x ¥
il — i ks — e Y
le— > ea fle_ = fea)
® ] Ry ] T
B e | 4o ——F72
I\ Sl—Ji__ — 5. — = _? /
\.\\_—-—.'..- 3 k. _/.- ¥ -__.-"'.( A -

Figure 7.2.4

b. Let X ={1,2,3,4) and Y = {a, b,c}. Define H: X — Y as follows: H(l) =c,
H2)=a, H3)=c,H4) = b.Define K: X — Y asfollows: K(1) = ¢, K(2) = b,
K(3) = b, and K(4) = c. Is either H or K onto?

14



ONTO FUNCTIONS n]s%nnn

UMLINE RATH ERUCATION

Onto Functions on Infinite Sets:

Now suppose F'is a function from a set X to a set Y, and suppose Y
is infinite. By definition, Fis onto if, and only if,
vy € Y,3x € X such that F(x) = y.

Thus, to prove F'is onto,
suppose that y is any element of Y
and show that there is an element x of X with F(x) = y.
To prove Fis not onto,
find an element y of Y such that y # F(x) for any xin X.

ONTO FUNCTIONS Risolutions

UNLINE NATR ERDCATION

Proving or Disproving that Functions are Onto:

Define f: R — Rand h: Z — Z by the rules
f(x)=4x —1 forallx eR
and h(iny=4n —1 foralln € Z.

a. Is f onto? Prove or give a counterexample.

b. Is h onto? Prove or give a counterexample.

15



BIJECTIVE FUNCTIONS n;sﬁqns

Let F be a function from a set X to a set Y. F'is bijective
function if, and only if, F is both one-to-one and onto.

Example:

The function f:R — R defined by the formula
f(x) =4x — 1 for all real numbers x.

=
INVERSE FUNCTIONS njs,u%!jqns

Suppose F: X — Y is a bijective function. Then there is
a function F~1:Y — X that is defined as follows:

Given any element yin Y,
F~1(y) = that unique element x in X such that F(x) =y
In other words,
F (y)=%x & v=E@]
Example:

The function f: R — R defined by the formula
f(x) =4x —1 for all real numbers x.



INVERSE FUNCTIONS

The function g: R — R defined by the formula
g(x) = 2 —3x for all real numbers x.

Is g bijective function? If yes, find g~!.

COMPOSITION OF FUNCTIONS

Let f: X — Y'and g: Y — Z be functions with the property that the range of f is
a subset of the domain of g. Define a new function go f: X — Z as follows:

(gof)(x) = g(f(x)) forallx e X,
where go f is read “g circle f™ and g(f(x)) isread “g of f of x.” The function go f

is called the composition of f and g.

This definition is shown schematically below.

:-,.g{fl.ﬂl:
v (gofNx) |

17



COMPOSITION OF FUNCTIONS

Composition of Functions Defined on Finite Sets

Let X =(1,2,3),Y' ={a.b,c,d},Y ={a,b,c,d, e}, and Z = (x, y, z]. Define func-
tions f: X — ¥ and g: ¥ — Z by the arrow diagrams below.

X ¥ z
1 8
¢ s

a
1 = X
. b T .
5 > v
. ¢ |71 =1
3 z ; ¥ Al
- -

. "

e

.

Draw the arrow diagram for go . What is the range of go f?
X gef Z
] N

X
. .
~d

L
3—— L
. ‘e

The range of gof is {v, z}.

COMPOSITION OF FUNCTIONS
Find gof and fog and determine whether gof = fog.

le-} fyel le- Iyl
30— :L- o3 | 1 Fel ™ e3
\ S i _III_Ilv T_L * 5 '-_I 5 .- 'l I)- @ 5

a

Ilsllllll.llllll

UNLINE RATH ERUCATION

(gofi)=g(fi))=glc)=z
(gofM2)=g(f(2)=gb)=y
(gofNB3)=g(f3) =gla)=y

nls;l'u-llnna

UNLINE NATR ERDCATION

18



COMPOSITION OF FUNCTIONS

Composition of Functions Defined by Formula:

RjSolutions

UNLINE RATH ERUCATION

Let f: Z — Z be the successor function and let g: Z — Z be the squaring function. Then

f(ny=n+ 1foralln e Zand g(n) =n® foralln € Z.
a. Find the compositions go f and fog.
b. Is gof = fog? Explain.

/\\_

successor function > / ‘ squaring function

ﬂ+l (n+ 172

COMPOSITION OF FUNCTIONS

Find GoF and FoG and determine whether GoF = FoG.

F(x) = x* and G(x) = x — 1. for all real numbers x.

nlsalulluns

OMLINE RATH ERGCATION
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COMPOSITION OF FUNCTIONS

. Define f:R — R by the rule f(x) = —x for all real num-
bers x. Find (f o f)(x).

. Define F:Z — Z and G:Z — Z by the rules F(a) = Ta
and G(a) = a mod 5 for all integers a. Find (G o F)(0),
(GoF)(1), (GoF)(2), (GoF)(3),and (Go F)(4).

. Define H:Z — Z and K:Z — Z by the rules H(a) = 6a
and K (a) = amod 4 for all integers a. Find (K o H)(0),
(KoH)(1), (KoH)(2),and (K c H)(3).

. Define L:Z — Z and M:Z — Z by the rules L(a) = a?
and M(a) = amod 5 for all integers a.
a. Find (LoM)(12), (Mo L)(12), (Lo M)(9), and
(Mo L)(9).
b. sLoM =MolL?

a

AjSolutions

UMLINE RATH ERUCATION

AjSolutions

DNLINE MATH EDUCATION
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